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Abstract

In this letter we propose a systematic approach for detecting and calculating
integrals and preserved measures of rational maps. The approach is based on
the use of cofactors and discrete Darboux polynomials and relies on the use of
symbolic algebra tools. We show, in three examples, how to use this method
to detect and determine integrals and preserved measures of the considered
rational maps.
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1. Introduction
The search for integrals and preserved measures of ordinary differential equations (ODEs) has
been at the forefront of mathematical physics since the time of Galileo and Newton.
In this letter our aim will be to develop an analogous theory for the (arguably more general)
discrete-time case. This will lead to essentially linear algorithms for detecting and determining preserved measures and first and second integrals of (discrete) rational maps (both integrable and non-integrable). But before we consider the discrete case, let us look at the continuous
case, i.e. ODEs.
Consider two polynomials P1 and P2. Then I := P1 /P2 is a rational integral of the ODE
dx
=
f (x) if
dt
P˙1 P2 − P1 P˙2 = 0
4

Author to whom any correspondence should be addressed.

1751-8121/19/31LT01+11$33.00 © 2019 IOP Publishing Ltd Printed in the UK

1

J. Phys. A: Math. Theor. 52 (2019) 31LT01

along solutions of the ODE. Here ċ denotes dc
dt . For a polynomial ODE, the problem of finding
P1 and P2, as posed, is bilinear in the coefficients of the polynomials P1, P2.
1.1. Darboux polynomials (ODE case)

A very nice introduction to Darboux polynomials for ODEs was given by Goriely [6]. Darboux
polynomials were already studied by Darboux, Poincaré, Painlevé and others, see [6], and are
also known by several other names, including ‘second integrals’ and ‘weak integrals’.
Let P(x) and C(x) be polynomials. Then P(x) is called a Darboux polynomial of the ODE
dx
=
f (x), where f is polynomial, if
dt
Ṗ(x) = C(x)P(x),

along solutions of the ODE. Here C(x) is called the cofactor of P. Note that P(x(0)) = 0
implies P(x(t)) = 0 for all t. Hence the set P(x) = 0 is an invariant set in phase space.
Consider two Darboux polynomials with the same cofactor C:
 
Ṗ1 = CP1
CP1 P2 − P1 CP2
d P1
Ṗ1 P2 − P1 Ṗ2
=
= 0,
⇒
=
(1)
2
dt P2
P2
P22
Ṗ2 = CP2
i.e. the ratio of two Darboux polynomials with the same cofactor is a rational integral. The
converse is also true. However, finding C, P1 and P2 involves one bilinear problem, plus one
linear problem.
More generally,
Ṗ1 = C1 P1
d
⇒ (P1 P2 ) = Ṗ1 P2 + P1 Ṗ2 = (C1 + C2 )P1 P2 .
(2)
dt
Ṗ2 = C2 P2
1.2. Discrete Darboux polynomials (mapping case)

Instead of polynomial ODEs dx
dt = f (x), we now consider rational maps xn+1 = φ(xn ) (see [4,
5]). Then we define P(x) to be a discrete Darboux polynomial of the rational map xn+1 = φ(xn )
if
P(xn+1 ) = C(xn )P(xn ),
(3)

where the cofactor C is now a rational function whose form will be presented in section 1.3.
We use the shorthand notation
P = CP.
Note that, similarly to the continuous case, P(x) = 0 is an invariant set in phase space.
Now consider again two discrete Darboux polynomials P1 and P2 with the same cofactor C:
P1 = CP1
P1
P
⇒ 1 =
,

P2 = CP2
P2
P2

i.e. the ratio of the two discrete Darboux polynomials with the same cofactors is again an
integral (and the converse is also true). More generally
P1 = C1 P1
⇒ (P1 P2 ) = C1 C2 (P1 P2 ).
P2 = C2 P2

2
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How is all this going to help us find integrals of a given map? The answer comes in two
parts:
1.	In the discrete case we use a non-trivial ansatz for the cofactors C(x).
2.	In the discrete case the cofactor of the product is the product of the cofactors.
		In the continuous case the cofactor of the product is the sum of the cofactors.
The latter point is crucial: it means that in the discrete case we can use the fact that the factorization of the cofactor C is unique. By contrast, in the ODE case we have addition, where
splitting into summands is not unique.
1.3. Ansatz

Given a rational map φ with common denominator
D(x) =

k


a

Dj j (x)

j=1

and Jacobian determinant
l
Kibi (x)
,
J(x) = i=1
ej
k
j=1 Dj (x)

where the Ki (x) are l distinct factors5, we try all cofactors (up to a certain polynomial degree
d) of the form
l
fi
i=1 Ki (x)
,
C(x)
=
±

(4)
gj
k
j=1 Dj (x)
where fj , gj ∈ N0 .
Comments:

1.	For the finite number of cofactors of degree  <d, we only need to solve the linear problem
(3) to determine the corresponding Darboux polynomial P (up to a chosen degree).
2.	If C(x) = J(x), the corresponding Darboux polynomials are (inverse) densities of preserved measures.
3.	Note that we include ±1, ±J in the list of potential cofactors to be examined.

The above approach is particularly useful for maps for which no other systematic method is
known to derive integrals, prime examples being Kahan maps [2, 15] and dual maps [16]. In
the remainder of this Letter we therefore study two maps that arise as Kahan–Hirota–Kimura
(KHK) discretizations of quadratic ODEs (in section 2.1, resp. section 3) [9, 11], plus a third
map that arises as the reduction of the dual AKP equation (in section 2.2) [19].
For any given cofactor, of the form (4), the equation (3) gives rise to a system of equations that are linear in the coefficients, ci, of the discrete Darboux polynomial P, and may
also depend on the parameters αj in the mapping through both xn+1 and C(xn) in (3). One can
either treat the resulting system as a linear system to determine the ci (as we do e.g. in section 2.2) or solve the (nonlinear) system to simultaneously determine the ci and detect the αj
(as we do in section 3). In this paper we use standard Maple routines to perform both kinds
of computations.
5

Factorisation is carried out over the field implied by the coefficients of the map φ.
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2. Determining preserved measures and first and second integrals of rational
maps
In this section, we study two examples of discrete maps for which we use the ansatz of section 1.3 to find their preserved integrals and measures.
2.1. Determining measures and integrals of a 2D Lotka–Volterra system

In this sub-section we study the following two-dimensional ODE as an example:
dx
= x(x + 6y − 3)
dt
dy
= y(−3y − 2x + 3).
dt
(5)
2
The KHK discretization
of h(x
(5) +
reads
(see
x(1 +
6y −
3) [2,
+ h43,(97,−9–11,
6x)) 15])

x =
D(x)
y =

y(1 + h(3 − 2x − 3y) +
D(x)

9h2
4 (1

− 2y))

(6)


where the common denominator D(x) of the map is given by
h2
(7)
D(x) := 1 − (9 − 12x − 36y + 4x2 + 12xy + 36y2 ).
4
The Jacobian determinant J(x) of the mapping (6) is
K1 (x)K2 (x)K3 (x)
J(x) =
(8)
D3 (x)

where
3
K1 = 1 + h(x − 3y) − h2 (3 − 2x − 6y)
4
3
K2 = 1 + h(x + 6y − 3) + h2 (3 − 2x)
4
9
K3 = 1 + h(3 − 2x − 3y) + h2 (1 − 2y).
4

We have used cofactors C1 = KD1 , C2 =
Darboux polynomials for the map (6):

K2
D,

C3 =

K3
D,

(9)

C4  =  J to find the corresponding discrete

p1,1 =x + 3y − 3

p2,1 =x
p3,1 =y

p4,1 =xy(x + 3y − 3)
p4,2 =1 −

h2
(9 − 12x − 36y + 4x2 + 12xy + 36y2 ).
4

4

(10)
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Figure 1. Phase plot for map (6), for h =

1
17 .

Here, and in section 2.2, p i,j denotes the j th Darboux polynomial corresponding to the cofactor Ci.
A phase plot for the map (6), clearly exhibiting the linear Darboux polynomials p 1,1, p 2,1,
and p 3,1, is given in figure 1.
It follows that the map (6) preserves the integral
xy(x + 3y − 3)
Ĩ(x) =
(11)
h2
1 − 4 (9 − 12x − 36y + 4x2 + 12xy + 36y2 )

and the measure

dxdy
.
2
(12)
1 − h4 (9 − 12x − 36y + 4x2 + 12xy + 36y2 )

Taking the continuum limit h → 0 , we obtain the cofactors C̃1 = x − 3y, C̃2 = x + 6y − 3,
C̃3 = 3 − 2x − 3y, C̃4 = 0, and the corresponding Darboux polynomials
p1,1 = x + 3y − 3,

p2,1 = x,

p3,1 = y,

p4,1 = xy(x + 3y − 3),

p4,2 = 1

It follows that the ODE (5) preserves the integral
I(x) = xy(x + 3y − 3)
(13)

and the measure

dxdy.
(14)

It thus turns out that our original ODE (5) is Hamiltonian, with H(x) = xy(x + 3y − 3).

5
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Interpreted conversely, one can say that the KHK discretization (6) preserves the three
affine Darboux polynomials of the ODE (5), as well as the modified integral (11) and the
modified density (12). These results are no coincidences.
Indeed, the preservation of the three affine Darboux polynomials is the consequence of the
following theorem (whose proof is presented in appendix A).
Theorem 1. The KHK discretization preserves all affine Darboux polynomials of a given
quadratic ODE.
But there is more to be said. Looking at equations (8)–(10), one notices that to each affine Darboux polynomial (x  +  3y   −  3, resp. x, resp. y ) there is a corresponding factor in the
numerator of J(x) (viz. K1, resp. K2, resp. K3). This again is no coincidence. Indeed, the latter
fact is a consequence of the following Theorem (whose proof is presented in appendix B).
Theorem 2. Let dx
dt = f (x) be a quadratic differential equation in 1, 2, 3 or 4 dimensions,
that possesses an affine Darboux polynomial P(x). Then the numerator of the discrete cofactor of P in the corresponding Kahan map x = φh (x) is a factor of the numerator of the
Jacobian determinant of φh .
Theorems 1 and 2 are a very significant step towards the full resolution of the open problem
posed in 2002 in [13]: ‘How does one preserve more than n  −  1 integrals and weak integrals
(of an n-dimensional vector field)?’
The preservation of the modified integral and measure is an example of a general result
in [2] giving a modified integral for all systems with a cubic Hamiltonian in any dimension.
2.2. Determining measures and integrals of a 9D dual AKP-reduction

In [19], Van der Kamp, Quispel and Zhang derived a dual AKP equation. Here we consider its
(1, 2, 4)-reduction, given by the 9D map:


xi = xi+1
 2
x7
1
x9 = α
α3 x4 −

x4 x6 x8
x3 x5



+

α2
α3



x5 x8
x3

−

x6 2 x7
x4 x5



+

x1 x6 x7 x8
x4 x3 x5

+

α4
α3



x2 x7 x8
x4 x3

−

x6 x9
x5



1i8
,

where α1 , α2 , α3 , α4 are parameters. Its Jacobian determinant is J(x) =
cofactors
x7
x8
x6 x8
C1 (x) = , C2 (x) = , C3 (x) =
x4
x3
x3 x5

x6 x7 x8
x4 x3 x5 .

We have used

to find Darboux polynomials. Seven of these are listed below.


p1,1 (x) = α1 x3 x7 x5 + −x3 x6 2 − x4 2 x7 α2 + (x1 x6 x8 + x2 x4 x9 ) α3 + α4 x2 x8 x5
p1,2 (x) = x4 x6 x5


p2,1 (x) = − x4 2 x6 2 α1 x5 + x5 3 a2 x4 x6 + x1 x5 x6 2 x7 + x2 x3 x6 x7 2 + x3 2 x4 x7 x8 + x3 x4 2 x5 x9 α3


+ x2 x5 2 x6 x7 + x3 2 x6 2 x7 + x3 x4 2 x7 2 + x3 x4 x5 2 x8 α4




p2,2 (x) = −x3 x4 x6 3 − x3 x5 3 x7 − x4 3 x6 x7 α1 + x3 x5 2 x6 2 + x4 2 x5 2 x7 α2




+ x1 x4 x6 x7 2 + x2 x3 x5 x7 x8 + x3 2 x4 x6 x9 α3 + x2 x4 x5 x7 2 + x3 2 x5 x6 x8 α4

6
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p2,3 (x) = x3 x7 x4 x5 x6




p3,1 (x) = −x2 x3 x5 x6 x7 2 + x2 x4 2 x6 2 x8 − x3 2 x4 x5 x7 x8 α1 2 + x2 x3 x6 3 x7 − x2 x4 x5 2 x6 x8 + x3 x4 3 x7 x8 α1 α2



+ −x1 x2 x6 2 x7 x8 − x1 x3 x5 2 x7 x9 − x2 x3 x4 2 x8 x9 α1 α3 + −x1 x3 x5 x7 3 + x1 x4 2 x6 x7 x8 − x2 2 x5 x6 x7 x8

−x2 x3 x4 x5 x8 2 + x2 x3 x4 x6 2 x9 − x3 3 x5 x7 x9 α1 α4 + x3 2 x7 2 α2 2 x4 x6 − x3 x7 (x1 x4 x7 x8 + x2 x3 x6 x9 ) α2 α3



+ x1 x3 x6 2 x7 2 − x1 x4 x5 2 x7 x8 − x2 x3 x5 2 x6 x9 + x3 2 x4 2 x7 x9 α2 α4 + α3 2 x1 x2 x8 x9 x7 x3 + −x1 2 x6 x7 2 x8



−x2 x3 2 x4 x9 2 α4 α3 + −x1 x2 x5 x7 2 x8 + x1 x3 x4 x6 x7 x9 − x2 x3 2 x5 x8 x9 α4 2
p3,2 (x) = x3 x4 x5 2 x6 x7 .

The four integrals
k1 (x) =

p1,1
,
p1,2

k2 (x) =

p2,1
,
p2,3

k3 (x) =

p2,2
,
p2,3

k4 (x) =

p3,1
p3,2

are functionally independent.
Since C1 (x)C3 (x) = J(x), it follows that the map also preserves the measure with density
p1,2 (x)−1 p3,2 (x)−1 = (x3 x42 x53 x62 x7 )−1.
3. Detecting preserved measures and first and second integrals of rational
maps
In this section we consider the following three-dimensional ODE as an example:
dx
dy
dz
= x(y − α1 z),
= y(α2 z − x),
= z(α1 x − α2 y),
(15)
dt
dt
dt

where α2 and α1 are arbitrary parameters.
Applying the Kahan–Hirota–Kimura discretization to (15), we obtain
x − x
x (y − α1 z) + x(y − α1 z )
=
h
2
y (α2 z − x) + y(α2 z − x )
y − y

=
h
2
z (α1 x − α2 y) + z(α1 x − α2 y )
z − z
.
=
h
2

(16)

Solving equation (16) for x, y, and z we obtain the (rational) Kahan map discretizing (15).
Using the Jacobian determinant J(x) of the Kahan map as cofactor, our algorithm finds that
for all (α1 , α2 ), the map preserves the measure dxdydz
and the first integral x  +  y   +  z.
xyz
Moreover, the algorithm also detects the following special values of the parameters (α1 , α2 )
where the map preserves an additional integral, and outputs the formula for the integral (see
table 1).

7
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Table 1. Integrable parameter values and corresponding functionally independent additional first integrals detected by our algorithm.

(α1 , α2 )

Additional first integral

(−1, 0)
(1, 0)

y /z

(0, 1)

xz/(1 −
z/x
xyz/(1 −
x/yz
z/xy
y /xz

yz/(1 −

(0, −1)
(1, 1)
(1, −1)
(−1, −1)
(−1, 1)

h2 2
4x )
h2 2
4y )
h2 2
4 (x

+ y2 + z2 − 2xy − 2xz − 2yz))

4. Concluding remarks
In this letter we have presented a method for detecting and determining first and second int
egrals of rational maps. There are in the literature several other methods for determining first
and second integrals of discrete systems, see [4, 5, 8, 14, 18] and references therein. There are
also in the literature several other methods for detecting first and second integrals of discrete
systems, see [1, 7, 17] and references therein.
However, to our knowledge none of the above combine all the following properties of the
method presented in this letter:
1.	It is algorithmic, and requires no other input than the rational map in question. At heart
the algorithm is linear and, to some extent apart from birationality, requires no knowledge
about the map (such as symplecticity, measure preservation, time-reversal symmetry,
integrability, Lax pairs, etc) on the part of the user.
2.	Up to a certain prescribed degree, it determines and outputs all
(a)	rational first integrals
(b)	polynomial second integrals
dx
(c)	preserved measures of the form P(x)dx or P(x)
, where P is a polynomial.whose cofactors are of the form (4).
3.	It can detect special parameter values where additional first and/or second integrals and/or
preserved measures exist, and output those integrals, preserved measures and parameter
values.
4.	It works for both integrable and non-integrable cases, in arbitrary dimension.
5.	It allows one to take the continuum limit, if appropriate.
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Appendix A. Proof of theorem 1
For quadratic vector fields f (x), Kahan’s method is equivalent to the B-series method

−1
1
(A.1)
x = φ(x) := x + h I − hf  (x)
f (x)
2
where f  is the Jacobian matrix of f [2].

Lemma A.1. The B-series method (A.1) preserves all affine Darboux polynomials of any
polynomial ODE.
Proof. Since B-series methods commute with affine transformations [12], we may assume
that the Darboux polynomial to be preserved equals x1, i.e.
dx1
(A.2)
= x1 · C(x),
dt

where the cofactor C is polynomial. Using Cramer’s rule it follows, using (A.1), that




n

h
h
x1 − x1
∂f
1
(A.3)
= M1 f1 +
/ det I − f 
Mj fj
h
2
∂xj
2
j=2

where the Mi are (determinantal) polynomials depending on h and x. Substituting (A.2) in
(A.3), we obtain




n
2 
h
h
∂C 
x1 = x1 1 + hCM1 +
Mj f j
/ det I − f  .
2
∂xj
2
j=2

This shows that the discrete cofactor is of the form (4), and concludes the proof of lemma A.1.

□
Since Kahan’s method is equivalent to the B-series method (A.1) for quadratic vector
fields, theorem 1 follows as a corollary.
Appendix B. Proof of theorem 2
In order to prove theorem 2, we first prove the following:
Lemma B.1. Let φh be given by6
N1 (x, h)
, with N1 and D coprime,
x1 = x1
(B.1)
D(x, h)
Ni (x, h)
, i = 2, . . . , n.
xi =
(B.2)
D(x, h)

Also assume that the Jacobian determinant J of φh satisfies
D(x , −h)
J=
,
(B.3)
D(x, h)
6

Capitalised functions are polynomial in their arguments.
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and let
(B.4)
φh ◦ φ−h = id,
i.e. the system is invariant under
(B.5)
x ↔ x .
Then N1 divides the numerator of the Jacobian determinant J.
Proof. Applying (B.5) to (B.1), we get
x1 = x1

N1 (x , −h)
N1 (x, h) N1 (x , −h)
=
x
.
1
D(x , −h)
D(x, h) D(x , −h)

Hence
(B.6)
N1 (x, h)N1 (x , −h) = D(x, h)D(x , −h).
From (B.1) and (B.2) it follows that D(x , −h) can be written as

L(x, h)
D(x , −h) = k
(B.7)
D (x, h)

for some k ∈ N0 . It follows from (B.3) that

L(x, h)
L(x, h)
=:
J = k+1
,
(B.8)
D (x, h)
D(x, h)

where L and D are coprime. Using (B.7) and (B.8) in (B.6) we get
D(x, h)N1 (x, h)N1 (x , −h) = D2 (x, h)L(x, h).

From (B.1) and (B.2) it also follows that N1 (x , −h) can be written as
N1 (x , −h) =

M(x, h)
,
Dm (x, h)

where, for Kahan s method m = 1.

Hence
D(x, h)N1 (x, h)M(x, h) = D2+m (x, h)L(x, h).

Hence N1 |L, i.e. the numerator of the cofactor of x1 divides the numerator of the Jacobian
determinant J.
□
What remains to prove is that in dimensions 1, 2, 3, and 4 the Kahan map satisfies theorem 2. The first step towards proving this is to use the fact that if φh is a Kahan map, then we
may assume w.l.o.g. that the affine Darboux polynomial is x1, and hence the Kahan map has
the form (B.1) and (B.2) and its Jacobian determinant satisfies (B.3) and (B.4) [2].
The only thing we still need to show is that N1 and D are coprime, where


D(x, h) = det I − 12 hf  (x) . This we have done explicitly, using Maple for the most general
quadratic ODEs with Darboux polynomial x1.
The 5D case being outside the capabilities of the supercomputer at our disposal, we have
performed 1000, resp. 50, resp. 6 computations similar to the ones above in 5D, resp. 6D,
resp. 7D, but with randomly chosen integer values between  −100 and 100 for the parameters
instead of symbolic ones.
10
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In all computations, N1 and D are coprime.
Based on theorem 2 and on the computations mentioned above, we make the following:
Conjecture. Theorem 2 (which we proved in dimensions 1, 2, 3, and 4) remains true in any
dimension.
ORCID iDs
E Celledoni https://orcid.org/0000-0002-2863-2603
C Evripidou https://orcid.org/0000-0002-8621-8179
D I McLaren https://orcid.org/0000-0003-2559-5066
B Owren https://orcid.org/0000-0002-6662-9704
G R W Quispel https://orcid.org/0000-0002-6433-1576
B K Tapley https://orcid.org/0000-0002-5488-760X
P H van der Kamp https://orcid.org/0000-0002-2963-3528
References
[1] Abarenkova N, Anglès d’Auriac J-Ch, Boukraa S and Maillard J-M 2000 Real topological entropy
versus metric entropy for birational measure-preserving transformations Physica D 144 387–433
[2] Celledoni E, McLachlan R I, Owren B and Quispel G R W 2013 Geometric properties of Kahan’s
method J. Phys. A: Math. Theor. 46 025201
[3] Celledoni E, McLachlan R I, McLaren D I, Owren B and Quispel G R W 2014 Integrability
properties of Kahan’s method J. Phys. A: Math. Theor. 47 365202
[4] Falqui G and Viallet C-M 1993 Singularity, complexity, and quasi-integrability of rational mappings
Commun. Math. Phys. A 154 111–25
[5] Gasull A and Manosa V 2010 A Darboux-type theory of integrability for discrete dynamical
systems J. Differ. Equ. Appl. 8 1171–91
[6] Goriely A 2001 Integrability and Nonintegrability of Dynamical Systems (Singapore: World
Scientific) (section 2.5)
[7] Hirota R and Kimura K 2000 Discretization of the Euler top J. Phys. Soc. Japan 69 627–30
[8] Hirota R, Kimura K and Yahagi H 2001 How to find conserved quantities of nonlinear discrete
equations J. Phys. A: Math. Gen. 34 10377–86
[9] Hone A N W and Petrera M 2009 Three dimensional discrete systems of Hirota–Kimura type and
deformed Lie–Poisson algebras J. Geom. Mech. 1 55–85
[10] Kahan W 1993 Unconventional numerical methods for trajectory calculations (unpublished lecture
notes)
[11] Kimura K and Hirota R 2000 Discretization of the lagrange top J. Phys. Soc. Japan 69 3193–9
[12] McLachlan R I and Quispel G R W 2001 Six lectures on the geometric integration of ODEs
Foundations of Computational Mathematics (LMS Lecture Notes vol 284) ed R A DeVore et al
(Cambridge: Cambridge University Press) pp 155–210
[13] McLachlan R I and Quispel G R W 2002 Splitting methods Acta Numer. 11 341–434
[14] Papageorgiou V G, Nijhoff F W and Capel H W 1990 Integrable mappings and nonlinear integrable
lattice equations Phys. Lett. 147A 106–14
[15] Petrera M, Pfadler A and Suris Y B 2011 On integrability of Hirota–Kimura type discretizations
Regular Chaotic Dyn. 16 245–89
[16] Quispel G R W, Capel H W and Roberts J A G 2005 Duality for discrete integrable systems J. Phys.
A: Math. Gen. 38 3965–80
[17] Roberts J A G and Vivaldi F 2003 Arithmetical method to detect integrability in maps Phys. Rev.
Lett. 90 034102
[18] Tran D T, van der Kamp P H and Quispel G R W 2009 Closed-form expressions for integrals of
travelling wave reductions of integrable lattice equations J. Phys. A: Math. Theor. 42 225201
[19] van der Kamp P H, Quispel G R W and Zhang D-J 2018 Duality for discrete integrable systems II
J. Phys. A: Math. Theor. 51 365202
11

