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ABSTRACT. We show that any Lotka—Volterra tree-system associated with an
n-vertex tree, as introduced in Quispel et al., J. Phys. A 56 (2023) 315201,
preserves a rational measure. We also prove that the Kahan discretisation
of these tree-systems factorises and preserves the same measure. As a conse-
quence, for the Kahan maps of Lotka—Volterra systems related to the subclass
of tree-systems corresponding to graphs with more than one n-vertex subtree,
we are able to construct rational integrals.

1. Introduction. An (autonomous) n-dimensional Lotka—Volterra (LV) system is
a system of the form

Iz:l‘z(bz+2Aljl‘]), 221,,717 (1)

Jj=1

where the vector b and the matrix A do not depend on x(t) or t.
A polynomial P(x) is called a Darboux polynomial (DP) [2, 5, 6] for an ODE

% = £(x) )
if there is a function C(x), called the cofactor of P(x), such that
P(x) = C(x)P(x). (3)

More generally, if (3) holds but P(x) is not a polynomial, it is called a Darboux
function. Each n-dimensional LV-system has n DPs, namely the coordinates, z;,
themselves. Moreover, LV-systems are normal forms for quadratic ODEs with n
linearly independent linear DPs; by a linear transformation (introducing the DPs
as new variables) such a system can be written in LV form.

Some LV-systems have additional Darboux polynomials. We recall a key lemma.
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Lemma 1.1 ([17]). The LV-system (1) has Darbouz polynomial P; i, := ax; + [y
with af # 0 if and only if, for some constant b and for all j & {i, k},

Aij = Ar; (4)
b, =b, =0
(A — Aik) = B(Ak,i — Ais)
and (Akk — Ai k) (Ar,i — A i) # 0.
We will take such a DP to be
P = (Api — Aii)xi + (App — Aig) .

Its cofactor is given by > j Bjx;, where

B, = {AM if j € {i,k}

5
Aij=Ar; ifj&{ik} (5)

cf. [17, Definition 13].

If (4) holds for several pairs (i, k), the associated LV-system has several additional
DPs. In this paper, we consider LV-systems (1) with b = 0! and we view the pairs
(4, k) such that (4) holds as edges of a graph with n vertices. We shall see that the
structure of the graph determines properties of the associated LV-system and of a
certain birational map associated with it.

The case that the graph is a tree on n vertices was considered in [15, 17], where
(3n — 2)-parameter families of homogeneous n-dimensional LV-systems, in one-to-
one correspondence with trees on n vertices, were shown to be superintegrable.
These families will be referred to as tree-systems, or T-systems if it is clear that T'
is a tree.? To each edge of the tree T corresponds a DP for the LV-system, and, by
using the n given DPs, x;, one can then construct n — 1 integrals. We illustrate the
construction with an example, the bushy tree on 4 vertices, in section 2.

An ODE (2) is measure-preserving with measure

dxidxs - - - dx,
d(x)
if d(x), the density, is a DP with cofactor equal to the divergence of f(x), i.e., it
satisfies )
d(x) = (V- £(x)) d(x).
We show, in section 2, that Lotka—Volterra T-systems are measure-preserving, with
reciprocal density

n n—1
dx) = [[="[] P (6)
i=1 j=1
where, cf. [17, Equation (6)],
Pj = Puj,vj
= (Avi7ui - Auzyuz)xul + (Aviavi - Auivvi)xvi (7)

= (¢ — ;) Tu; + (ay;, — b)) T,

IFor a discussion on the relative importance of homogeneous vs inhomogeneous polynomial
systems cf. e.g. [4].

2Tree-systems are not to be confused with T-systems, where T' stands for transfer matrix (or
Toda or Tau) [11, footnote 4].
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is the DP obtained from the jth edge, e; = (u;,v;), of the tree T, and m, is the
number of edges connected to the vertex i € T

In section 3 we consider the Kahan discretisation of tree-systems. The Kahan
discretisation [3, 8, 9, 10, 14, 13] with step size h of a homogeneous quadratic ODE

T; = Z cﬁykxjxk
gk
is the birational map x + x’ implicitly given (or defined) as follows by

’ / o
T; — T i m]-xk—kxjxk
—_— = Cj7k7.

. 2

3,k
We show that the Kahan discretisation of a tree-system is explicitly given by

o Hj;éi Ki,j
' M
with L
Kij=1-5 (Ax); + (455 — Aij)zj),

and

- h — rer—wa
M=1—§(X.A+A.X.1).

where X denotes the diagonal matrix with entries X;; = ;.

A discrete Darboux polynomial for a rational map x — x' := ¢(x), x € R", is a
polynomial P: R™ — R such that there exists a rational function C': R” — R (again
called the cofactor of P) whose denominator does not have any common factors with
P, such that P’ = CP where P’ := Po ¢. If Pi,..., P, are Darboux polynomials
with cofactors Ci, ..., Cy, respectively, then P := [[ P obeys P’ = CP where
C =11C. (If the a; are not nonnegative integers, P is a Darboux function rather
than a Darboux polynomial.) If, in addition, C' = 1/ det D¢, then %dxl ...dzy, is
an invariant measure of ¢, while if C' =1 then P is a first integral of ¢ [1, 12].

Linear Darboux polynomials are preserved under Kahan discretisation [2, Theo-
rem 1]. We show that the cofactors of the preserved discrete Darboux polynomials,

P;, of the Kahan-discretised tree-systems are given by
L. Hj?éuhvi Ku7-7
1
M|

where h
Li=1- 9 (Ax)u, — (Auju; — Avi,ui)xui)-

We prove that the Jacobian of the Kahan map of a tree-system is given by

(122 1) (12 (I 00) 1)

J = ‘M|n+1 I (8)

and we prove that the expression d(x), given by (6), is a rational Darboux function
with cofactor J, given by (8). Thus, Kahan-discretised tree-systems are measure-
preserving with density (d(x))~!.

In the final section, we consider n-dimensional LV-systems related to graphs G
that contain more than one subgraph which is a tree on n vertices. The Kahan
maps related to these so-called G-systems preserve more than one measure and this
enables us to find integrals for these maps. We classify distinct classes of G-systems
and explicitly provide all distinct graphs on 4,5 and 6 vertices. We show that if
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G contains a cycle of length ¢, the Kahan map of the G-system has at least ¢ — 2
integrals.

2. Measure preservation for tree-systems. We start this section by illustrat-
ing the construction of tree-systems with an example, whilst referring to where
such systems were introduced. We then prove that all tree-systems are measure-
preserving and provide an explicit expression for a density of the measure. This
particular density will be preserved under Kahan-discretisation, which is the topic
of the next section.

For any tree T" on n vertices, one can associate a homogeneous Lotka—Volterra
system, i.e. a system of the form

i‘izxiZA@jxj, izl,...,n (9)

with 3n — 2 free parameters [15, 17]. The n X n matrix A is the adjacency matrix
of the associated weighted complete digraph of T', cf. [17, Definition 3].

FiGure 1. The bushy tree on 4 vertices.

For the tree shown in Figure 1 the matrix A, with 3 x4 —2 = 10 free parameters,
is
ar bi by b3
c1 az by b3
C1 Coy Qs b3
c1 ¢z by ag
We note that the cofactor of the DP z; is given by (Ax);. The matrix A has the
property that for each pair of rows e; = (u;,v;) € {(1,2),(2,3),(2,4)} (that is, for
each edge of T') we have A,, ;, = A,,  for all k& & e;. This property gives rise to
n — 1 additional Darboux polynomials of the form (7),

P = (Cl — al)xl + as — bl).’lﬁg
Py = (ca —az)x2+ (a3 — b2) 3 (11)
P3 = (63 — CLQ) To + (0,4 - bg)l‘

A= (10)

4.
The cofactors of P, is given by (Bx); where
ay as b2 b3

B = C1 as as b3
C1 as bQ Qy
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If the Ith edge is ¢, = (i, k) then the element of B in row [ and column j is given
by (5), cf. [17, Definition 13]. Using the rather general method [15, section 2|, the
additional DPs give rise to n — 1 integrals [17, Equation (7)], for i = 1,2, 3:

L=PM [ =7,  z=-BA7'A]
k=1

cf. [15, section 4.3.2] for explicit expressions.

Proposition 2.1. Let T be a tree on n vertices, and let m; be the degree of (number
of edges which meet at) vertex i. The Lotka—Volterra T-system (9) is measure
preserving with density

n n—1
d= fo—m H P, (12)
i=1 j=1

where P; is the DP associated with edge e;, given by (7).

Proof. A product of DPs d = ), p}* is a Darboux function, as d = (>, 4Ci)d,
where C; is the cofactor of p;. Let

R 1=1,....,n o 2—m; 1=1,...,n
PimYp, i=n+1,...m—1, T\ i=m41,... .2 —1.
Then the cofactors are
C: — Z?:l Ai,jxj 1= 1, ... n
‘ Z?lei_mjxj i=n+1,...,2n—1,

where the matrix B contains the coefficients of the cofactors of the additional DPs
P;, see [17, Definition 13]. We have &; = f; = 2;C; and V - f = (Z?:l Ci—i-Ai,i:ri).
Hence

2n—1 n
djd—V-£=3 qCi— (D Ci+ Aymi)
i=1 1=1
n n—1 n
i=1 i=1 =1

We will show that the coefficient of z,, in the linear combination (13) vanishes for
arbitrary p € {1,...,n}, i.e., that

n

n—1
> (1-m)Aip+ Y Bip—ap,=0. (14)
i=1 i=1
Recall that the edges of T are given by e; = (u;,v;) for e = 1,...,n — 1. For
pe{l,...,n}, let JP, KP be sets of indices such that

jeJ? v =p, ke KP & u, =p.

Then the disjoint union I? = J? U KP has m,, elements. We think of the tree T as
a collection of my, trees, T} (i € I?), connected at the vertex p. We define z(p, i) to
be the number of edges contained in 77, so that, for each p, Y z(p,i) =n—1,
which equals the number of edges in 7'

ielP



MEASURE PRESERVATION FOR LV TREE-SYSTEMS 473

For any tree T on n vertices, if m; is the number of edges at vertex i and e = n—1
is the number of edges, then

Zmiz% = Z(lfmi):anezlfe.

Now, consider the first sum in (14). We break up the sum into m, sums plus a
term.

n

(- mi) A, = (fj > (= m)Aiy) + (1= my)A,,

i=1 I=14eTp
= ( d - Z(pvj))bj) + ( > -z, k))ck> + (1 —mp)ay,
jEJTP keKP

(15)

as for each vertex i # p € Tf,j € JP = A, , = b; and for each vertex i # p €
TP k€ KP = A;, = ¢, (note p € T} does not contribute to the sum as in 77
only 1 edge meets in p). Next, consider the second sum in (14). Note that here the
index ¢ runs over the edges, not the vertices, of T. We have

:ZlBi,p = (i > Biy)

I=1 e;eTf
= (X i) -1b) + (X Gk - De) +mpap (16)
JjeJr keKP

asi € I" = B;, =apand i € I?,e; = (v,w), B, = Ayp = Awp = bj or ¢,
depending on whether there is a ¢ € T} such that (¢,p) = e; or (p,q) = ep. By
substitution of (15) and (16) into (14) the result follows. O

We note that, due to the existence of many integrals, the ODE preserves many
other measures. The measure introduced in Proposition 2.1 is the one that is
preserved by Kahan discretisation.

Example 1. The 4-dimensional tree-system given by equation (9) with (10), which
is connected to the bushy tree displayed in Figure 1, has divergence
V-f=_2a +3c1)x1+(2a2 + b1+ co +03)$2+(2a3 +3b2)x3+(2a4 + 3b3) x4.
The vector whose i-th component equals the degree of vertex ¢ is m = (1,3,1,1),
so that 2 —m = (1,—1,1,1). According to Proposition 2.1 the density

d =21 (22) ' w3zs PP Ps,

with Py, Py, P3 given by (11), is a rational Darboux function with cofactor V -f.
This can be verified by differentiation, or, alternatively, as follows. We write equa-
tion (14) as Kx = 0, where
K=(1,-m)-A+1, ;-B—a.

Then, in our case, we only have to compute
ap b1 by b3
C1 Q2 b2 b3
c1 c2 az b3
C1 C3 b2 a4

a1 a2 b2 b3
+(1 1 1) a2 az bs
C1 Q2 b2 a4

K=(0 -2 0 0)

— (a1 az a3 a4)
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= -2 (Cl as be bg) + (a1 +2c¢1 3as as+2by a4+ 2b3)

— (a1 az a3z a4)
=0.

3. Measure preservation for the Kahan map of tree-systems. The compo-
nents of Kahan discretisation of tree-systems factorise into linear functions. These
functions also appear in the cofactors of the DPs (7). We establish an explicit
expression for the Jacobian determinant of the Kahan map and show that the re-
ciprocal density (12) is a rational Darboux function of the Kahan map which has
the Jacobian determinant as its cofactor.

Let X be the diagonal matrix with entries X;; = x;. The Kahan discretisation of
(9), x — x/, satisfies Mx’ = x, where

M=1- g (XA+AXI).

Proposition 3.1. The Kahan discretisation is explicitly given by

I Ko
o) = gtz 17
where
h
Kij=1-5 (Ax); + (455 — Aij)zj) - (18)

Proof. Let M) be the matrix obtained from M by replacing the ith column by x.
By Cramer’s rule we need to show

J#i
The off-diagonal entries in M are linear in h. The diagonal entries are affine, of the
form 1+ h(---). Therefore we have [M®)| = z; + h(---). Hence, if

|M(Z)| = CI; HKi’j’
J#i
then ¢ = 1, and it suffices to show that x; and K, ; (j # i) are divisors of [M()]. Tt

follows that z; is a divisor by expanding |[M()| in the ith row. We prove that K ;
(j # 1) is a divisor by establishing

Let k = kq, ko, ..., ky be the path from k1 = i to k,, = j, i.e., for all [ we have

that either (ki, ki41) or (kiy1,k;) is an edge in T. Let us create a matrix Ml by

dividing the jth row of M® by xj. The ¢th column of Ml is 1, and the other

elements, apart from the diagonal ones, are Mg]z = —2A;,. Modulo K; ; we have

1-§((Ax); + 4;,7))
Ly

; h
M][g K; ;=0= 7§Ai7j'

Ki‘j =0—
From this, and from [17, Definition 3], as k is the path from i to j, it follows that

M) =M forali=1,...,m. (19)

ki,j
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Consider the k,,_;st and the k,,th row of MUl As (ky, km_1) ot (kpm_1, k) is an
edge in T, due to [17, Corollary 8] and the fact that the ith column of Ml is 1, we
have

M

™

=M for all L # k1, k. (20)

Because of (19), equation (20) also holds for I = k,,, and thus the rows differ only
in the k,,—1st column. We can now add a (non-zero) multiple of row k,, to a (non-
zero) multiple of row k,,_1 to create a new row k,,—; where the element in the
km—1st column is replaced by a scalar quantity of choice. We choose the scalar to
be
g __h
Mk??nfhkhnfl - _§Ai7km*1' (21)
We repeat the argument. From (21), and from [17, Definition 3], as there is a path
from ¢ to k,,_1, it follows that
M =M, foralll=1,...,m—1. (22)
Considering the k,,_ond and the k,,_;st row of M, as either (kp_1,km—_2) or
(km—2,km—1) is an edge in T, we have
My = for all L # ko, ket (23)
Because of (22), equation (23) also holds for | = k,,—1, and thus the rows differ
only in the k;,,_ond column. We can now add a (non-zero) multiple of row k,, to
a (non-zero) multiple of row to create a new row k,,_o where the element in the
km—ond column is choosen to be
i __h

km—2,km—2 2A7;;k7m—2'
We continue making these elementary row-operations until we arrive at a matrix
where
i h

Mkrz,kg = _§Ai,kz- (24)

Now as (i, k2) or (k2,4) is an edge in T', we have

M =M for all 1 # i, ks. (25)
Due to (24), equation (25) also holds for I = ky. But as the ith column of MU
equals 1, equation (25) also holds for [ = i. The rows are equal, and hence the
determinant vanishes. O

Example 2. For the bushy tree on 4 vertices the Kahan discretisation satisfies
Mx’ = x with

1 0 0 0 C1 + a1 bl.’El b2(E1 bgl’l

M — 01 0 O - ﬁ C122 Co + asxo boxo bsxo
0 0 1 0 2 C1T3 CoX3 C3 + asxs bsxs ’
0 0 0 1 C1T4 C3%4 bazy Cy + agxy

(26)
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where C; = (Ax); is the cofactor of z;. In terms of the functions
Koi(=Ks1=Ku1)=1+ h(C1 +z1(a1 — c1)),
Kio=1+ h(C’g + zo(as — b)),

h
Kso=1+ (02 + x2(as — ¢2)),

(27)
h
Kio=1+ (02 + x2(as — c3)),
h
Ki3(=Kos=Ks3)=1+ (03 + z3(ag — b)),
h
Kiu(=Koy=Ksz4) =1+ (C4 + z4(aq — b3)),
the Kahan map is explicitly given by
)’ 1K1 2K1 3K71 4
Z2 _ L $2K2,1K1,3K1,4 (28)
z3 M| | z3K2,1K32K14
T4 24 Ko1Ky 0K 3

Proposition 3.2. The cofactor of the Darbouz polynomial P;, which corresponds
to the i-th edge e; = (u;,v;) (see Eq. (7)), is explicitly given by
L. H]?‘éuuvz Kuhj
K3
M

where L
Li=1-5 ((A X)u; = (Aug s — Av; i) Tus) 5 (29)
which is symmetric under u; <—> ;.

Proof. In order to not have to carry many indices, we fix ¢ and denote the i-th edge
by e; = (u,v). The i-th DP is then given by
P = (¢ — @)y + (ay — bi)xy.
We note that due to the property of matrix A [17, Corollary 8], that j # u,v =
Ay,j = Ay j, we have K, ; = K, ;. Using Proposition 3.1, we find
P! = (¢; — ay)z), + (ay, — b)),

v

= | (¢; — ay)Tu H K, ;+ (a, — b))z, H K, ; |M|71
Jj#u j#v

=F H K%j |M|717
JAU,Y

with F' = (¢; — ay)TuKuw + (ay — b))z, K,y . The prefactor is, using the fact that
P; = (A.x), — (A.x),, equal to

F = (¢; — au)tu (1 - % ((Ax), + (ay — bi)wv))

=02, (1= 5 (A + (0w - o)
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= (¢; — ay)Ty (1 — g ((AX)y + (¢; — ay)zy + 2(ay — by)zy — Z(ay, — bi)xv))

+ (ay — by)zy (1 - g ((Ax)y + (ay — ¢i)xy + Z(c; — au)xu)>

= ((¢; — ay)Tu + (ay — by)xy) (1 — g ((Ax), — (ay — cz)xu)>
= P, L;.
which holds for all Z and in particular for Z = 2. O
Example 3. In terms of the matrix (26), the functions (27) and
Li=1+ g(c1 — e — ) =14 2(02 — walas — b))
Ly=1+ g(c2 (s — ) = 14 g(c3 ~ wslas — b))
Ly =1+ 2(Co— wafan — ) = 1+ 2(Ca — 2alas — b)),

2

the cofactors of the preserved DPs (11), with respect to the Kahan map (28), are
given by
LKy 3K 4 LoKs 1Ky 4 L3Ks 1Ky 3
M| M| M

The following lemma will be used to establish an explicit expression for the
Jacobian determinant for the Kahan map (17).

Lemma 3.3. The determinant of

Q:T+g(iA—A.x1)
is equal to
n—1
Q| = H L;.
i=1

Proof. By the same argument as in the proof of Proposition 3.1, if, for some constant
¢, we have

N-1
Q[=c¢ H L,
i=1
then ¢ = 1. Furthermore, as a linear combination of the columns q; of Q — 1,
Z r;q; = 07
i
vanishes, the degree of |Q| in & is 3. Therefore, it suffices to prove that

fori=1,...,n—1. Let ¢;, = (u,v) again. We will show that the uth row and the
vth row are dependent when L; = 0. For all j # u,v we have

h h
x'uQu,j = xvgquu,j = xuiva'u,j = quv,j-
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When j = u we have
h h
-T'L)Qu,u L;=0= Ty 1- 5 (AX - Au,u‘ru) L;=0— Ty §quv,u = quv.ﬁr

and, by interchanging u,v in the above, when j = v we have

vau,v = quv,v

L;=0 -
O

Example 4. The matrix Q does not depend on the parameters a;. For our running
example we have

1 0 0 O D1 lL'lbl CL’1b2 .’ﬂlbg
Q o 01 0 0 ﬁ ToC1 D2 $2()2 x2b3
100 1 0 2 | xz3c1 wx3c0 D3 x3b3 |’
0 0 0 1 Ty4C1 T4C3 .2?4[)2 D4
where
Dy = —bixa — bawz — b3za, Dz = —bows — bsxy — 121,
D3 = 71)3134 — C1T1 — CX9, D4 = 71)2563 — C1T1 — C3X2.

Proposition 3.4. The Jacobian determinant for the Kahan map (17) is

(H?;ll Li) (H?:l (H?:l Kw) /Kzz)

J = M|+

(30)

Proof. Let us differentiate the equation Mx’ = x. Denoting differentiation w.r.t. xy
by .x, the components satisfy (using Kronecker’s delta and summation convention)

M; jalyy, + M jxy = 6k
Rearranging and taking the determinant we find that the Jacobian determinant is
given by
1-X|
| M|
We create a matrix Y by dividing, for i = 1,...,n, the ith row of 1 — X by z//z;.
Then, using (17),

J=

, where X . = M; j.x@;.

_ [T (H?:l Kiu’) /K
T-X| = i Y

If we can show Y = Q, then, by Lemma 17, equation (30) follows. We have
—hsikAi; iA£]
M@j;k - —hAZ"i ) :] = k
_%Ai,k 1= ] 7é k7
and hence
%Ai,jxi ) 7é k
Now consider the 7th component of Mx’ = x. With

" 1-— % ((AX)Z + Az,zmz) 7 :]

Yik = (6ih — M; jip) i /a; = {
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we find
— Mg, = S A+ (1= P (Ax)s + A ) 2
xTr; = l,]xj = —51'1 Z 7'7ij =+ - 5 (( .X)Z + 'L,le) QCZ-
J#i
which implies
h / / ’ h
and hence Y = Q. O

Example 5. The Jacobian determinant of the map (28) is, in terms of (18), (29),
and (26),
L1LoL3Ky 2K3 2Ky 0(Ko 1K1 3K 4)3

J= Y RRE— (31)

Theorem 3.5. The expression (12) is a rational Darbouz function of the Kahan
map (17) with cofactor J given by (30).

Proof. As the cofactor of a product is the product of the cofactors we find, due to
S m; =2(n—1), and using e; = (u;,v;) fori =1,...,n— 1,

J#l e J;ﬁu o Kui
dH( M ) v

H n— 1
_HIIE

|M|n+1 ’
with

(0T ) (T T & ) (32)

i=1j#i i=1 j#u,v;
As in the proof of Proposition 2, by I’ we denote the index-set for which
jel' e ke, =(i,5) or ep = (4,14),
so that the number of elements in I’ equals m;. And once again, for each vertex

i we view T' as a union of m; trees T' = U;¢ i T]? which are connected at 7. Recall
that z(4, ) is the number of edges in Tj‘ We claim that

n—1 n—1
H= (H KuKu> (H K= gz = 1) (33)

i=1 i=1

H K? ul,vl)KZ 'Uuut) (34)

u? 7v1

n

11 HK,J K, (35)
j=1

i=1

which would show .J is the cofactor of d.

[17, Definition 3] states that the weight of edge (i,7) € T equals the weight of
(k,j) or (j, k) with ¢ € T,z, and [17, Proposition 7] states that if (u,v) is an edge in
T, then for all w # u,v the edges (u,w), (v,w) carry the same weight. It is easy
to see that the converse is also true, i.e., if the edges (u,w), (v,w) carry the same
weight, for all edges (u,v) € T and w # w,v, then the weight of edge (i,j) € T
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equals the weight of (k,j) or (j,k) with i € T,z. Those properties carry over to the
entries of the adjacency matrix A; ;, cf. [17, Corollary 8], and to the functions Kj ;
as defined by (18), cf. the proof of Proposition 3.2. Consider the expression (35).
Let (k,7) or (j, k) be an edge in T', then k € I7. Since i € Tg \ {7}, iff K;; = Ky ;
the degree of K ; in (35) is z(k, j) and hence (35) equals (34). Next, consider the
first factor of (32). Because

3 (2 - m) ~1,

i€T]
i#j
we have
n
TITLw™ = TITIe™ = TLIT 102 = T1 1T &
i=1j#i j=1i#j j=1lkeli ZeTJ j=1lkeli

i

7141 Vg ’U1 Uq

3
|

which is the first factor f ( 3). Finally, the second factor of (32) is

1 n
H [ Kui= Kug=11 II 11 &5 = H II Kz(kd

I:I

i=1 j#u;,v; Jj=1 _;51 v J=lkeli jeT] Jj=lkeli
4 ik
n—1
_ z(wiwi)—1 gz (vi,us)— 1
- H KU@;'UL KU'L;UL
which is the second factor of (33). O

Example 6. The expression (12) is a Darboux function of the map (28) which has
cofactor J, the Jacobian determinant (31).

4. Integrals for Kahan maps of LV-systems on graphs. A class of homoge-
neous Lotka—Volterra systems is associated with any graph G on n vertices; when
G contains both a tree with n vertices and a cycle of length 3 or greater, we call
such a system a (Lotka—Volterra) G-system. Each edge of the graph is associated
with a DP (preserved under Kahan discretisation), and each subgraph of G that is
a tree on n vertices is associated with an invariant measure (preserved under Kahan
discretisation). A ratio of two invariant measures is a first integral, as illustrated in
the following example.

Example 7. Consider the 4D Lotka—Volterra system with matrix
ap b by b3
C1 as b2 bg
c1 c2 az bs
C1 Co b2 a4

A:

obtained from (26) by taking cs = co2. The system admits four additional DPs
Py = (c1 —a1)xy + (ag — by)xe Py = (ca — ag)xs + (a3 — ba)xs
Py = (c2 —az)z2 + (as —b3)rs  Py= (ba —az)rs + (as — b3)x4,
one for each edge in the graph of Figure 2. We identify three subgraphs, as in
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FIGURE 2. Graph on 4 vertices.

Figure 3. Each tree in Figure 3 comes with a measure, and these have the following
Q : Q :
© ® © ® ® ®

FiGURE 3. Three subgraphs that are trees.

densities
dy = 2124 P PPy, dy = %ijng, ds = 2123 P Py Py.
Taking ratios K1 = dy/dy and K3 = dy /ds we find the following integrals
ko k-2

for the special case c¢3 = ¢z of the Kahan map (28). We note that these integrals
are not independent, they satisfy (ag — c2) K7 + (a4 — b3) Ko = a3 — bs.

Not every graph gives rise to a unique class of G-systems.

Proposition 4.1. For a graph G which contains a cycle, let G’ be the graph obtained
from G by adding edges between any pair of vertices in the cycle. Every G-system
is a G'-system.

Proof. Let the cycle have length ¢ with edges (without loss of generality) (1, 2), (2, 3),
.o, (0—=1,0),(¢,1). The following equations are satisfied:

App = A, VISE<O k£ E+1,
Ap=Arg, VE#£01.

We have to prove

A =Ajr, V1I<i#j<Llk#i7j
For all k # 4, j, one of the paths i,i4+1,...,jori,i—1,...,j (where indices are taken
modulo ¢) does not contain k. In the first case we have A; , = Ait16 =+ = Ajk,
and otherwise A, = A1 =+ = Aj 1. O

Therefore the graphs in which we are interested are those for which restriction
to any cycle yields a complete graph. (See Figures 4, 5 and 6 for the graphs on n =
4,5,6 vertices.) These are the so-called block-graphs, in which every biconnected
component is complete [7].

The Kahan map of a G-system has an invariant measure corresponding to each
subgraph which is an n-tree. There can be many such subgraphs, as many as %n!
(for the complete graph on n nodes). The ratio of any two such invariant measures
is an integral of the Kahan map.
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Proposition 4.2. Let G be a graph on n vertices containing a complete subgraph of
size £ > 3. The Kahan map of a G-system has at least £—2 functionally independent
first integrals.

Proof. Consider the subgraph of G consisting of a cycle contained in the complete
subgraph together with a number of trees attached to its vertices, such that the
subgraph contains n edges. Deleting any edge in the cycle yields a tree and an asso-
ciated invariant measure of the Kahan map. Let (4, j, k) be three adjacent vertices
in the cycle. The integral given by the ratio of the densities (6) corresponding to
the two trees given by (i) deleting edge a := (4, j) and (ii) deleting edge 3 := (j, k),
is

kaa’

the factors of (6) corresponding to all other edges and vertices cancelling.

To show functional independence, consider without loss of generality the cycle
with edges {(1,2),...,(¢ —1,¢),(¢,1)} with edges labelled {1,...,¢} respectively.
The ¢ — 2 integrals

1Py 12P3 To—2Pp_1

) AR | )
3P 24Py e Py

where the ith integral is a rational function of z;, x;11, and z;,2, are functionally
independent because the Jacobian matrix of these functions is upper triangular. [

In dimension 4, 5, and 6 there are 2, 6, and 16 classes of G-systems, respectively.
The graphs associated with each class are shown in Figures 4, 5 and 6, respectively.

Proposition 4.3. The number of functionally independent first integrals of the
Kahan map of a G-system is at least

> (i —2), (36)

3

where £1,0s,... are the sizes of the complete subgraphs of G.
Proof. This proposition is easy to prove after one realises that the integral

1Py x1(a2z2 + Poxs)

x3Py  xs(oamy + Pra)
x1/xo(an + Boxz/T2)
r3/x2(C11 /22 + P1)

only depends on 2 variables 1 /xe = y; and x2/x3 = ya, the so called edge variables,
cf. [17, Section 5]. The integrals corresponding to one complete subgraph do not
depend on the edge-variables of another complete subgraph. Hence the integrals and
edge-variables can be ordered so that the Jacobian matrix is upper triangular. O

For each graph G in Figures 4, 5 and 6, the ODE of the G-system is super-
integrable, while its Kahan discretisation is measure-preserving with at least one
integral. The integer attached to each graph is the number of functionally indepen-
dent integrals (36).
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B

FIGURE 4. The 2 graphs on 4 vertices associated with distinct
classes of Lotka—Volterra G-systems.

Do

FicURE 5. The 6 graphs on 5 vertices associated with distinct
classes of Lotka—Volterra G-systems.

FIcURE 6. The 16 graphs on 6 vertices associated with distinct
classes of Lotka—Volterra G-systems. The integer attached to each
graph is the number of functionally independent integrals.
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We have shown that the Kahan map for Lotka—Volterra G-systems in dimension
n, where G is the complete graph on n vertices, is measure-preserving and has at
least n—2 functionally independent integrals. This is not enough for integrability. If
it had n—1 functionally independent integrals, it would be superintegrable, and this
could in principle be detected via the method of algebraic entropy or degree growth
[16]. We implemented this method for n = 4 and observed an exponential rate of
degree growth, indicating that the map does not have any integrals additional to
those given above (nor any other properties which would make it integrable, such
as a symplectic structure with respect to which sufficiently many integrals are in
involution).
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